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Abstract 
Heath, P.R., A Nielsen type number for fibre preserving maps, Topology and its Applications 53 
(1993) 19-35. 
In this paper, we introduce a Nielsen type number y&f, p) for a fibre preserving map f of a 
fibration p; we show that it is a lower bound for the least number of fixed points within the fibre 
homotopy class of f. The number fl,(f, p), which can be thought of as the dual of the relative 
Nielsen number due to Schirmer, is often much bigger than the ordinary Nielsen number, N(f), 
of f. It shares with N(f) such properties as homotopy invariance and commutativity. The 
definition of K’,(f, p) is reminiscent of the so-called naive product formula due to Brown. 
In this paper, we also exhibit and exploit a connection between the relative Nielsen number 
and N&f, p); we compare F7(f, p) and N(f ); give necessary and sufficient conditions for 
f17( f, p) and N(f) to coincide, and show, under fairly mild conditions, that our lower bound is 
sharp. Some corollaries concerning minimum fixed point sets for ordinary Nielsen numbers of a 
fibre map are given. 
Keywords: Nielsen numbers; Relative Nielsen numbers; Fibre spaces. 
AMS CMOS) Subj. Class.: Primary 55M20; secondary 55R05. 
1. Introduction 
Much has been written about the ordinary Nielsen number of a fibre map (see 
for example [l, 3, 9, 15, 24, etc.]. The idea has been to write the Nielsen number of 
the self map of the total space in terms of (appropriate) Nielsen numbers of the 
maps between the base and fibre. Of necessity, the maps and homotopies involved 
in such calculations have to be fibre preserving. What has been calculated, then, is 
the Nielsen number of a fibre preseming map, but without exploiting any advan- 
tage that the restriction fibre preserving might bring. The following example, which 
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is an adaption of one given in [3], illustrates this advantage. It shows that the 
ordinary Nielsen number can be a poor lower bound for the least number of fixed 
points of a fibre preserving map. 
Example 1.1. Let S’ + S3 3 S2 be the Hopf fibration, where S1 is the fibre over a 
point b E S2. Let f : S2 + S2 be a map of degree d # k 1, with b as a fixed point. 
Then, as in [3], there is no obstruction to lifting f to a fibre preserving map 
f : S3 + S3 over f. Since f has b as a fixed point, then f induces, by restriction, a 
self map fb : S’ + S’ of the fibre. It is easy to see that the degree of fb is d, and 
that L(f > = 1 - d2 # 0 (see 13, p. 3651, or [ll, Appendix] for further details). Now 
f can be regarded as a self map of the pair (S3, S’> and so, according to relative 
Nielsen theory, has at least N(f; S3, S’) = N(fJ = I1 - d I fixed points (use [19, 
Theorem 2.61). On the other hand N(f) = 1. 
In this paper, we essentially dualize the idea of “relative Nielsen number”, and 
define a Nielsen type number, Ng( f, p), for a fibre preserving self map f of a 
fibration p. From Example 1.1, one might be tempted to guess that our Nielsen 
type number is simply the relative Nielsen number of the map f, where the 
subspace involved is taken to be the fibre. The relationship between our theory 
and relative Nielsen theory is, however, more subtle than this. Actually, there 
would be a problem with such a definition since, in general, this number is not 
independent of the choice of fibre (see Remark 3.7). The main point, however, is 
that we can often do much better (see Proposition 4.2 and remarks following). In 
particular, under suitable conditions, for a fibration p : E + B, a self fibre map 
f: E + E of p, with induced map f on the base, and restriction f,, on the fibre 
over b, we shall define the Nielsen type number N,(f, p) of f to be N(f)N(f,). 
We will show that this number coincides with the relative Nielsen number of f 
with respect to a certain subspace of E (see Theorem 4.4). This not only makes the 
relationship of our work to that of [19] clear, but also helps in some (but not all) of 
the proofs. 
It seems appriopriate here to mention the work of Schusteff [20] who has also 
connected relative Nielsen theory to product formulas. Schusteff’s work, however, 
goes in a different direction than ours. He is concerned to express the relative 
Nielsen number of a pair of fibrations in terms of the relative Nielsen numbers of 
the base and fibre. Our work and his does not really intersect. 
An index theory for fibre preserving maps has been developed in [6, 81 (see also 
[5]). On the one hand the philosophy of their work is similar to ours in that it 
exploits the advantage that the restriction “fibre preserving” brings (see, for 
example [6, 5.31, and the comments on p. 52 of [SD. On the other hand, our 
methodology does not use fibre preserving index theory. Instead, as can be seen 
from the definition of JVB( f, p), we use ordinary Nielsen (and hence ordinary 
index) theory. Another difference between our work and that of L.5, 6, 81 is that 
they work in the category “over B” while we work with all fibre preserving maps. 
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The reader will have noticed the similarity of the definition of y,(f, ~1 with 
the so-called naive product formula for fibre maps due originally to Brown in [l] 
(see comments of Jiang [15, p. 871). It seems, to this author, that our Nielsen type 
number expresses, but now accurately, the intuition Brown had when he was trying 
to write down his product formula [l]. The similarity mentioned above enables us 
to use a theorem of You, [24], to give necessary and sufficient conditions for 
y7(f, p) and N(f) to coincide. The definition of y,(f, p) and the comparison 
with N(f) can be found in Section 3. This follows a preliminary section (Section 2) 
introducing some notation and review of needed concepts. 
As the reader will have anticipated, the number y,(f, p) is a lower bound for 
the minimum number, M@,(f, p), of fixed points in the fibre homotopy class of 
the map f, with respect to the fibration p. It has moreover fibred versions of the 
usual properties of Nielsen numbers: homotopy invariance, homotopy type invari- 
ance and commutativity. These results can be found in Section 4. In Section 5 we 
show, under certain mild conditions, that &,(f, p> is a sharp lower bound for 
M@,,(f, p>. That is, under these conditions, there is a map g, that is fibre 
homotopic to f, with the property that g has exactly N,(f, p) fixed points. In 
addition, by combining the theorem on the equality of y7(f, p) and N(f) with 
the above result, we are able to give a minimum theorem for the ordinary Nielsen 
number of a fibre map. Finally we give conditions, related to ordinary Nielsen 
numbers, under which a fibre map is homotopic to a map which is fixed point free. 
I would like to thank R.F. Brown for helpful comments, and R. Kocurko and M. 
Veitch for help with proof reading. 
2. Notation and preliminaries 
There are basically two approaches to Nielsen theory: the covering space 
approach, and the fundamental group approach. The advantage of the covering 
space approach is said to be that it allows one to consider possibly empty fixed 
point classes (see [15, p. 21). In fact, the modified fundamental group approach as 
found in [93 also allows one to consider possibly empty classes. We take this latter 
approach here not only because it is simpler (it eliminates covering spaces 
completely in all statements of results), but also because we need some technical 
results from [9]. 
Let X be a topological space admitting an index theory (for example X could 
be a compact, connected ANR). If Z denotes the unit interval, then the constant 
path from Z to X, at y, will be denoted by 0. Let f : X+X be a map. We denote 
by @p(f) = (y EX: f(y) =y] the fixed point set of f. Consider the following 
equivalence relation on the set Q(f): y - z if there exists a path A : Z +X, 
connecting y to z, and such that A -f(A) = 0 in rr,(X, y>, the fundamental group 
of X at y. In other words, A is homotopic to f(A) relative to the end points y and 
z. Note that we fail to distinguish between a path and its path class in the 
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fundamental groupoid. The quotient set, under the above equivalent relation, 
denoted by @(f )/ - , is called the set of Nielsen fixed point classes of f. Its 
elements will be denoted by boldface letters such as F, etc. Let x be a base point 
chosen once and for all, and let r = ri(X, x> denote the fundamental group of X 
at x. Please note that we write the binary operation in r additively, even though 7 
need not be Abelian. Next we choose a path w : x +f(x> and define a homomor- 
phism f” : T + TT by f”‘(a) = w +f.+ (a) - w, for LY E r. If y is a fixed point and w 
is the constant path at y, then we write fy for f”. We also define an equivalence 
relation - on 7 by (Y = (Y’ if there exists a p E 7 such that (Y = p + (Y’ -f”(p). 
The quotient set of this equivalence relation, denoted by Coker(1 -f”), is the set 
of Reidemeister classes of f; the elements of Coker(1 -f”) are denoted by [a]. 
When r is Abelian or more generally when f is eventually commutative (see [24, 
p. 2371, [15, p. 291 or [9, p. 2751), then 1 -f” : rr + T is a homomorphism and there 
is a canonical bijection between Coker(1 -f”> and the usual cokernel of 1 -f”. 
This latter fact and the following sequence account for our rather bizarre notation. 
Let f, X, x and o be as above. Then there is an exact sequence 
O+Fix(f”) +r ‘f”, n---+Coker(l-f”) -0 
of based sets and functions, or of groups and homomorphisms if r is Abelian. 
Here Fi3(fw) = { (Y E r: fW(~) = a} is the kernel of the Reidemeister operation. 
The set of the Nielsen fixed point classes of f can be regarded as a subset of 
Coker(l -f”> via an injection 
p=p(x,w):@(f)/--,Coker(l-f”) 
defined by p(F) = [u -f(u) - w] for any path u from x to any representative y of 
F (see [9, p. 2741). Using this p, which is independent of the choice of u and y, we 
define an index for the Reidemeister classes of f: the index of an element 
[LY] E Coker(1 -f”‘) is the index i(f, F) of F (as defined in [2, p. 871) if [a] =p(F) 
for some F, or is 0 otherwise [9, 3.11. With this convention, the function p is index 
preserving, and the elements F E Q(f)/ - , or [a] E Coker(1 -f”), with nonzero 
index are said to be essential (otherwise, they are called inessential 1. The number 
of essential classes is called the Nielsen number of f. The set (F E Q(f)/ - : i(F) 
# O} of essential classes will be denoted by Z(f) and the union of the set of fixed 
points belonging to any essential class by 4Z(f). 
For the reader more familiar with the covering space approach to Nielsen 
theory, we make some transitional remarks. In the covering space approach to 
Nielsen theory, the idea is to identify the Nielsen classes of f, including the 
possibly nonempty ones, with the set of lifting classes of f. It is easy to assign an 
index at this point, but for the purpose of calculation, a specific lift f’ of f is 
chosen, and the lifting classes identified with the set of fi conjugacy classes (see 
for example [15, Chapter III). What we do in our modified fundamental group 
approach is to define the set of fi conjugacy classes, but without reference to 
covering spaces. We then identify the Nielsen classes (also including the possibly 
A Nielsen type number 23 
nonempty ones) with this set, and define an index there. In other words, we do 
everything at the level of the f: conjugacy classes, but eliminate all reference to 
covering spaces. In more detail, the choice of a base point x, above, corresponds to 
a choice of representation of the universal covering space d, for X, as a quotient 
of the space of paths in X emanating from x; the base point of X is the class of 
the constant path .?, at x (see for example [171). Secondly, the choice of w, above, 
corresponds to the choice of a lift, p: X + X of f, determined by fii) = w. Such a 
choice of lift is usually referred to as a reference. With respect to this reference, 
any other lift has a coordinate. That is, every other lift f’ can be written uniquely 
as (Y 0 f’, where (Y E 7~ (see for example [15, p. 241). With this understanding, the 
homomorphism f;, : T + T of [15, p. 251 can be identified with our f”’ (see [15, 
11.1.31) and the set of f:, conjugacy classes of [15, p. 261 can be identified with 
Coker(1 -f”>. The bijection of [15, Theorem 11.1.71, between the lifting classes of 
f and Coker(1 -f”‘), t a k es a lifting class [a 0 f] to [LY] E Coker(1 -f”). In other 
words, each [a] E Coker(1 -f”) is the coordinate of the lifting class [a 0 f] with 
respect to the reference f’ determined by w. Thus we have identified each 
geometric fixed point class, including the possibly empty ones, with its coordinate 
in the set of Reidemeister classes, i.e., in Coker(1 -f”>. Furthermore, our defini- 
tion of index in Coker(1 -f”) is compatible with this identification. In fact, in the 
covering space convention, the index of [a] is the index of pFix(a 0 f). Thus our 
approach has the advantage of the covering space way of doing things, namely of 
being able to consider possibly empty classes, but without needing to work with 
covering spaces. 
We remind the reader of the Mod H version of Nielsen theory. If f, X, x and 
w are as above, and if H is a normal subgroup of r, then by replacing “ = 0” in 
the above definition by “ E H”, we generalize the notions of Nielsen classes, 
Nielsen number, Reidemeister classes etc., to Mod H Nielsen classes, Mod H 
Nielsen number (the number of essential Mod H Nielsen classes), and Mod H 
Reidemeister classes. We denote these by QH(f)/w, NH(f) and Coker(1 -f;) 
respectively (see 1241, [91, or 1153 etc.). 
Next we recall some elements of fibre space theory and its interplay with 
Nielsen theory. Let p : E -B be a fibration, that is a map with the absolute 
covering homotopy property 113, p. 621. For example p could be a fibre bundle 
with B a paracompact space. By a fibre preserving map of p we mean a pair of 
maps (f,f) with f:E-E and f:B + B, satisfying pf =fp. Similarly, a fibre 
preserving homotopy (H, p) : (f, J‘> - (g, g) is a pair of homotopies H : E x I + E 
and fi: B X I + B, satisfying pH = H(p X 1). The essential point about a fibre 
preserving map (f, f> is that f takes fibres to fibres. That is for each b E B, f 
restricts to a map from p-‘(b) to pP’(f(b)). We denote this restriction by fb. An 
alternative way to define a fibre preserving map is to restrict to those maps 
f : E + E, that take fibres to fibres. The existence of a unique f with fp =pf 
follows (see [23, Theorem 11). In this paper, all maps and homotopies between 
fibrations will be fibre preserving. 
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Suppose that we are given a commutative diagram 
X LX 
h 
I I 
h 
g 
Y- Y 
(1) 
of topological spaces and maps. Then h induces well-defined functions 
h, :Coker(l -f”) - Coker(1 -gh’“‘), 
and 
(2) 
h, :Fk(f”) +Fiw(gh’“‘), (3) 
in the obvious way (see [9] for further details). In what follows, h will be either the 
fibration p or the inclusion i, of the fibre p-‘(y) into E. 
Finally, we give a brief review of relative Nielsen theory 1193. Let (X, A) be a 
pair of compact ANR’s with X path connected. If f : (X, A) + (X, A) is a map of 
pairs, that is, f restricts to a self map of A, then we shall write fA : A +=A for the 
restriction and f : X+X for the obvious map. We use fA for the restriction of f 
rather than f as in 1191, because we have already used f above, and because we 
shall want to consider the restriction of f to different subspaces A. Similarly, we 
use subscripts to distinguish between elements F E @(f >/ - and elements FA E 
@(fA)/-. If FA n F # fl, then FA c F 119, 2.21. An essential fixed point class F, of 
f : X+X, is called an essential common fixed point class of f and fA if F 
contains an essential fixed point class of fA. We write N(f, f,> for the number of 
essential common fixed point classes of f and fA. The relative Nielsen number 
N(f; X, A) of f :(X, A) --+ (X, A) is defined to be 
N(f; XT A) =Vf,4) +N(f) -Wf, f,4>. 
We have that #(@(f )> g= NC f; X, A) (where the symbol # denotes “cardinality 
of’), N(f; X, A) aNN(f,) and N(f; X, AlaN [19, 3.1 and 3.21. 
3. The Nielsen type number of a fibre preserving map 
In this section, we introduce a Nielsen type number of a fibre preserving map 
and compare it with the usual Nielsen number of the map between the total space 
and itself. 
Let p : E + B be a fibration in which E and B are compact, connected ANR’s. 
Then it follows that every fibre of p is a compact connected ANR. If (f, f> is a 
fibre preserving map of p, and b E Q(f), then the restriction of fb of f to p-‘(b) 
is a self map and hence has its own Nielsen number N(fb). Throughout most of 
the rest of this paper, fibre preserving maps will have the following property: 
A Nielsen type number 25 
Definition 3.1. Let <f, f> b e a fibre preserving map from p to itself. We say that 
(f, f) is essentially fibre uniform if N( f,> is independent of b E Q,(f), i.e., of any 
point b in any essential class of f. When (f, f> is essentially fibre uniform, we 
shall speak of the Nielsen number N(f,) of the fibre, meaning of course the 
number N(fb) for b in any essential class of f. 
We see from the proof of [9, 4.7(iv)] that N(fJ is independent of b within a 
single Nielsen class of f (see also [20, II(l.ll)l), so (f, f> is essentially fibre 
uniform if #Coker(l -fw> = 1, or more generally if N(f) = 0 or 1. In addition, (f, 
f> is essentially fibre uniform if p is homotopy orientable. That is, for any two 
paths w and w’ in B, with o(O) = w’(O) and w(l) = w’(l), we have that T, = r,,, 
where 7 is a fibre translation function (see, [9, 15, 241 for details of these and other 
examples). In particular, (f, f> 1s essentially fibre uniform if p is a trivial fibration, 
or if B is simply connected, or if p is a principal bundle with path connected 
structure group [21, p. 4451. We will show later (Lemma 4.61, that the concept 
“essentially fibre uniform” is a fibre homotopy invariant. 
The notion “essentially fibre uniform” is a generalization of a stronger one due 
to Schusteff 120, p. 661. Schusteff called a map fibre uniform if the restrictions of 
the total space map to the fibres over every fixed point are all homotopy type 
equivalent by means of fibre translations. The notion of essentially fibre uniform, 
as used here, already appeared in [9] (see for example [9, 4.711, but without being 
named. It is one of two minimal conditions that are required in order for the 
product formula [24] for fibre maps to be well defined (see the hypothesis of [9, 
4.121, and the remarks preceding Example 3.6 below). 
Definition 3.2. Let (f, f> be a fibre preserving map of p, which is essentially fibre 
uniform. Then the Nielsen type number NJ f, p) of (f, f> is defined by 
N&f, p> =N(f)N(fd, 
where N( fb) is the Nielsen number of the restriction of f to the fibre over any 
point b in any essential class of f. 
It is easy to see that Ns( f, p> is well defined and is a finite integer 2 0. It is 
equal to N(f > if B is a singleton (but also under other circumstances, see 
Proposition 3.4 and Corollary 4.5(i)). Clearly, if N(f) = 1, then N,(f, p) = N(fb), 
or if N(fJ = 1, then N,(f, p) = N(f). 
Example 3.3. Let X be a compact, connected ANR and g : X+X be a self map 
with N(g) # 0. Consider the fibration S’ -+ S3 XX 2 S2 XX, where p is the 
Hopf fibration, and consider the fibre preserving map (f x g, f x g) from p x 1 to 
itself, where f is the map of the Hopf fibration given in Example 1.1. It is not hard 
to see that N(fXg)=N(f)XN(g)=N(g), while N,(fxg,pxl)=N(g)ll- 
dl. 
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Example 3.3 can be thought of as a special case of the product of the fibrations 
p and 1,:X+X. 
We now compare N,(f, p) with N(f) for the case that N(f) # 0. For essen- 
tially fibre uniform maps, the condition N(f) f 0 is equivalent to both N(f) and 
N(fb) being different from 0. The case N(f) = 0 will be dealt with later (Corollary 
4.5(i)). In the following proposition, K will denote the kernel of the homomor- 
phism i * :7&-w, x> + T ,( E, x>, induced by inclusion. 
Proposition 3.4. Let p be a fibration, and let (f, f ) : p +p be a self fibre preserving 
map of p which is essentially fibre uniform, for which N(f) f 0, and in which the 
index [Fix fpcy) : p * (Fix f y>], (see equation (311, is independent of y E Q8( f >. Then 
fl,(f, p>=N(f) if and only if (a) Fk~(Y)=p7(Ftify), and (b) NK(fPCy,>= 
N(f,(,J 
We note that [Fhf”(y) : p* (Fix f Y)] is independent of y E @,( f > if r,(E) is 
Abelian, or more generally, if f is eventually commutative (see the proof of [24, 
5.91). For a list of conditions under which NK( fb) = N(fb) and Fix fpcy) = 
p.+(Fti f ‘1 we refer the reader to [9, Section 41. 
Proof. If N(f I# 0, (f, f> is essentially fibre uniform, and [Fljc fp(y) : p *(Fix f y>l is 
independent of y E @,<f ), then by [9, 4.121 the product formula 
[ FkfP(Y’ :p*(F~fY)]N(f) =N(f)N,(f,) (4) 
holds. It follows easily that N(f) = N(f)N(fJ ‘f 1 an only if the two conditions d 
NK( f,> = N( f,> and [Fix fpCy) : p .+ (Fix f J’)] = 1 hold for any y in an essential class 
of f (this is a small generalization of You’s theorem [24, 5.61). Since AI,(f, P) = 
N(f)N(fJ by definition, the result follows. 0 
We take this opportunity to point out that the hypothesis of [9, 4.131 should 
include the condition that N( f > # 0. 
Example 1.1 is a case where N,(f, p> Z N(f > because N,(fJ f NC fh). In the 
next example, IV,(f, p)fN(f) because Fix~(y)#p*(FtifY). 
Example 3.5. Let B = S2 v S’, where V denotes the one point union. We identify 
S’ with the set {eie E C: 0 E R}, taking the common point of S’ and S* to be + 1. 
Let F = S’ and p : B x F + B be the projection on the first factor. Define a map 
f: B x F + B x F by f(e”, e’“) = (e’“, eicePo) on S’ x S1, and by f(w, e’+> = 
(w, edi+> on S2 x S'. Note that the map (f, f> restricts to a self map, (fl, f,>, of 
the “subfibration” p, : S' x S' + S'. The focus of our interest in this example is 
with this subfibration pl. It is here that the essence of the geometry takes place. 
We have in fact attached S2 to p1 in order to make the Nielsen classes of f and f 
essential. Thus we need deal only with the fibration pl, but consider the Nielsen 
classes as though they were essential. Now fI has a single Nielsen class, since 
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@(f,) = ((ezTfi, erri): t E [O, 211 s i path connected. Consider the point e” in the 
base. There are two fixed points (e”, e”> and (e’, eiTi) in the fibre {e”) X S’. These 
points are in distinct Nielsen classes in the fibre, so that N(fh) = 2 for all b. 
Finally N(f) = 1, so N,(f, p) = 2. Now X’,(f, p> f N(f) because for any y E 
Q(f), we have [FixJ.p”Y’:p*(F~fY)1=2f 1. 
The final example in this section, borrowed from [15, p. 901, is useful, among 
other things, for showing that the class of maps for which our Nielsen type number 
is defined is wider than that for which the Nielsen product formula (4) is defined. 
More precisely, the map p, in our example, does not satisfy the second of the 
minimum requirements necessary for the product formula (4) to hold. That is, 
[FtifP’Yp*(FixfY)] 1s not independent of y in any essential class of f. The map 
involved, however, is essentially fibre uniform and so our Nielsen type number is 
well defined. 
Example 3.6. (see [1.5, p. 901). Let p : E + B be the trivial circle bundle over the 
figure eight. Namely, let B = {z E C : 1 z I = 1 or I z - 2 I = 11, F = {w E C: I w I = 11, 
and E = B X F. Define a fibre preserving map f : E -+ E by 
f(z, w> = r (23, w-l), if 121 =l, (z, -(z-2)w-‘), if (z-21 =l. 
Over I z - 2 ) = 1, the map is very similar to the restriction of (f, J‘> to p, in 
Example 3.5. We see that N(f) = 2, N( f,> = 2 and N(f) = 3, while N,(f, p) = 4. 
The product formula (4) does not hold since [Fix fpCy) : p .+ (Fix f ‘11 is not indepen- 
dent of y. In particular, for y = (- 1, l), we have [Fix pCy) : p * (Fix f “>I = 1, while 
for y = (1, 1) we have [Fix fp(-“) : p*(Fti f ‘>I= 2. On the other hand, the map p is 
essentially fibre uniform and so our Nielsen type number is well defined and equal 
to 4. 
We refer the reader to [20, Example 1.15, p. 711 for a helpful exposition of a 
similar example. 
Remark 3.7. This example also allows us to show that N( f; E, p-‘(b)) would not 
have been a good candidate for a Nielsen type number of a fibre preserving map. 
Notice that for b = - 1 we have that N(f; E, p-‘(b)) = 3, while for b = + 1. 
N( f; E, p-‘(b)) = 4. That is, in spite of the fact that (f, f> is essentially 
uniform, N( f; E, pP ‘(b)) is not independent of b in any essential class. 
fibre 
4. Properties of N,(f, p) 
In this section, we state and prove some properties of y,(f, p). 
Definition 4.1. Let X be a compact, connected ANR and g : X + X a self map OfX. 
We say that a set .$ is a set of essential representatives of g if 5 is a subset of Q%(g) 
that contains exactly one point of ecery essential class of g. 
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We introduce some notation. Let p : E + B be a fibration, (f, f> a self fibre 
preserving map of p, and 5 a set of essential representatives for f. Consider the 
subspace p-1(5) of E. It is a disjoint union of fibres of p, one for each essential 
class of f. Since each point of 5 is a fixed point, then f : E + E restricts to a self 
map of p-‘(5). We denote this restriction by fs. 
Proposition 4.2. Let p be a fibration and (f, f> a self fibre preserving map that is 
essentially fibre uniform. Then the number N,( f, p> is a lower bound for the number 
of fked points off. 
Proof. Let 5 be a set of essential representatives for f. Then we have that 
W(f)) >N(f; E, p-‘(t)) aN(f& =N(f)N(f,) =N,(f, P), 
where N(f; E, p-‘(t)) is the relative Nielsen number of f :(E, p-‘(5)) + 
(E, p-‘(5)). Th e t wo inequalities follow from relative Nielsen theory, and the last 
equality, by definition. To see the first equality, observe that f6 is the disjoint 
union of N(f) maps between fibres, each of which has Nielsen number N(fJ. 
The first part of the next lemma is essentially [24, 4.11. 
Lemma 4.3 (see [24, 4.11). Suppose that (f, f> IS a self fibre preserving map of a 
fibration p, and let p* : @(f )/ - --+ Q(f)/ - be the obvious function. Let F E 
Q(f)/- 9 e E F, and F=p,(F). If FpCe, is the class of e, with respect to the self 
map fpCe) of p-‘(p(e)), then i(F) # 0 if and only if both i(FPCe,) f 0, and i(F) # 0. 
Here i denotes the index of the given class with respect to f, ft, and f respectively. In 
particular, if (f, f) IS essentially fibre uniform and NC fJ # 0, then p * restricts to a 
surjective function p. : 257 f) + 8(f). In this case, NC f) > N(f). 
The first part of the next theorem makes precise the relationship of our work to 
relative Nielsen theory. The second part is a technical results that is needed in 
order to prove the first part and which will be used later. 
Theorem 4.4. Let p be a fibration and (f, f> be a self fibre preserving map that is 
essentially fibre uniform. 
(i> If 5 is a set of essential representatives off, then 
N&f, P) =N(f; E, p-‘(5)), 
the relative Nielsen number of the map f : (E, p-‘(.$>> + (E, p-‘([)) of pairs. 
(ii> If N(fJ + 0, th en or any F E S(f), any F ~p;‘(& and any b E F, there f 
exists an Fb E 8( ft,) which is contained in F. 
A Nielsen type number 29 
Proof. We prove the second part first. Let F E &Y(f), b E F and choose e E @(f,> 
(which exists, since N(f,) # 0). Let F l pi’(F) be arbitrary and choose y E F. Let 
F Pcyj GF be the class of y with respect to fpcY) :p-‘(p(y)> +p-‘(p(y)). By 
Lemma 4.3, F,,+,) is essential. Our task is to show that F contains an essential class 
of fb : p-‘(b) +p-l(b). 
We have already seen that f restricts to a self map fpcyj of p-‘(p(y)). Let 
ipcY): p-‘(p(y)) + E denote the inclusion. Then fPcYj, f and ipo,) give rise to a 
commutative diagram of the type found in (1) (Section 2). By (2) (Section 2) there 
is an induced function iPcYj* : Coker(1 - f,‘(,,> + Coker(1 -f ‘1. Now p(F) in 
Coker(1 -f '1 is essential. This and the proof of [9, 4.81 together with 19, 2.51 allow 
us to deduce the existence of a commutative diagram 
Coker(1 - f,‘(,,> 2 Coker(1 -f ‘) (5) 
Coker(1 - fl) 2 CokerO -f “1, 
in which B is index preserving, and of, (p(F)) = p(F). Since B is index preserving, 
then &(F,,,,)) = p@‘J f or some unique class Fb E 8( fb). By the commutativity 
of (5) we have that i,.(p(F,))=uf*(p(F))=p(F). From the definitions it is not 
hard to see that the diagram 
Fb E @(fb)/m lb* Q(f)/- 
P 
1 1 
P 
Coker(1 -f,“> ++ Coker(1 -f “) 
is commutative. The injectivity of p now allows us to deduce that Fb is contained 
in F as required. 
We now prove the first part of the theorem. If 5 is a set of essential 
representatives, then, from the second part of the theorem, any essential fixed 
point class of f : E - E is an essential common fixed point class of f and fc. In 
particular N( f; E, ppl(.f)> = NC fc> = N(f)N( fb). 0 
We take this opportunity to point out that a reference in [9] is incorrect. The 
above proof uses the technique of [9, 4.81, which is dependent on [9, Proposition 
4.41. The proof of this proposition was not given in [93, but was to have been given 
in the sequel to [12]. This sequel never appeared. The result, however, appears in 
[lo, Corollary B]. 
Corollary 4.5. Let p be a fibration, and (f, f> a self fibre preserving map that is 
essentially fibre uniform. Then 
(9 N,(f, P> >N(f), and if N(f > = 0 or N(f) = 0 or N(fb) = 0, then equality 
holds. 
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(ii) IfZV(f) Z 0, then for any b E Qs(f) we have that 
NAf, P> >N(f; E, p-‘(b)) >N(f,). 
We have already discussed other conditions for equality to hold in (il. The 
requirement in (ii) that N(f) # 0 is necessary, since we could easily have that 
N(J‘) = N(f) = 0 but N(f,) # 0 (for example, the restriction of (f, f> to pi in 
Example 3.5). For Example 1.1, the three terms in (ii) are all equal. In Example 
3.6, we have &‘,(f, p) = 4 and N(fJ = 2 for all b. On the other hand, for b = - 1, 
we have N(f; E, p-‘(b)) = 3, showing the inequalities in (ii> may be strict. 
Proof. (i> If N(fb) = 0, then N(f) = 0 by Lemma 4.3, and so N&f, p) = 0, by 
definition. For the rest of (i), we may assume that N(f,) # 0. If N(f) = 0, then 
N(f) = 0, again by Lemma 4.3, and the result follows. Assume then, that N(f) # 0. 
Let b E Qg(f) and let 5 be a set of essential representatives containing b. Then 
yg(f, p) = N(f; E, p-‘(l)) and, since N(f; E, p-‘(t)) > N(f), we have (il. For 
(ii), we have the assumption that N(f) # 0. Now for any b E Qg(f> we have that 
N(f; E, p-‘(b)) 2 N(f,) by relative Nielsen theory. If N(f,) = 0 then all three 
terms in (ii) are zero by reasoning as in (il. So, without loss of generality, we may 
assume that N(f,) # 0. Let 
with b E ij,. Since (f, f> is essentially fibre uniform we have by Theorem 4.4 for 
i = 1,2,. . . , n, that N(fb) 2 #(p,‘(F,)). Also, by Theorem 4.4, we have that 
N(f; f,> = #(P,‘(F,)). s o, using the last part of Lemma 4.3, we have that 
N(f; E> p-‘(b)) =N(f,) +N(f) -N(f; ft,) 
=N(f,) + i (#(P,‘(Q) 
i=2 
The next lemma helps us to prove the homotopy invariance of our Nielsen type 
number. 
Lemma 4.6. The notion, “essentially fibre uniform”, is a fibre homotopy invariant. 
Moreover if (f, f):p -+p isfibre homotopy uniform and (H, H):(f, f) N (g, g) is 
a fibre homotopy, then N( fb) = N(g,) for all b E Q&f) and all d E Q,(g). 
Proof. If (H, n): (f, f) = (g, g) is a fibre homotopy, then g induces a bijection 
between the essential classes of f and g (see for example 19, 3.31, or [15, 2.4, p. 81). 
If FE C&(J)/ ff ) then the class F and the image of F under the above bijection 
are said to be H related. For a homotopy H : X X I +X, the map H : XX I +X X 
I, defined by H(x, t) = (H(x, t), t) is called the fat homotopy of H. For a subset 
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A c X x I, the subset A, = {x E X: (x, t ) E A} is called the t slice of A. According 
to [15, p. 93, two fixed point classes F,, and F, of f and S respectively are H 
related if and only if they are the 0 and 1 slice of a single fixed point class of the 
fat homotopy H. On the other hand, according to the proof of [9,4.71, for any fibre 
map (k, k), N(k,) is independent of b within a single Nielsen class F of k (see 
also [20, 1.11, p. 661). It follows for b E F,, and d E FI, that ME,,,) = N(i?,, ,>. 
But N(eb,,) =N(fJ and N(fid,,) =N(gd). As N(fJ is independent of b E 
Q,(f), the result follows. 0 
Corollary 4.7 (Homotopy invariance). Let p : E + B be a fibration in which E and B 
are compact, connected ANR’s. Zf (f, f > : p + p is essentially fibre uniform and 
there is afibre homotopy (H, fl):(f, f>- (g, g>, then JV,(f, p>=N,(g, p>. 
Proof. This is trivial from the lemma, the definitions and the homotopy invariance 
of the ordinary Nielsen number. 0 
The reader might wonder why, in light of Theorem 4.4, we have not used the 
homotopy invariance of the relative Nielsen number to prove Corollary 4.7. 
However, we cannot expect a homotopy H, such as is given in the data above, to 
induce a self map of a set of essential representatives 5 of f. Thus, although it is 
clear that JV,(f, p> = N(f; E, ~~‘(5)) and N,(g, p> = N(g; E, pP’(J)) for some 
set ( of essential representatives of S, we would still have to relate N( f; E, p- ‘(5)) 
and N(g; E, p ~ ‘(5)). Similar comments apply to the next two results. 
Before we state the next two theorems, which are predictable (see [15, pp. 
20-211 and also [19, 3.4, 3.5]), we need some notation. Let p : E + B and q : Y + D 
be fibrations. We say that (h, h> : p - q is a pairwise fibre homotopy equivalence if 
there exists a fibre preserving map (k, k): q +p such that the composites 
(h, h)(k, k> and (k, kXh, h> are homotopic to the respective identities. Note that 
this concept differs from the notion of fibre homotopy equivalence, which puts all 
maps and homotopies at the base equal to the identity. Let (f, f): p +p and 
(g, g): q + q be fibre preserving maps of p and q respectively. Then (f, f) and 
(g, g) are said to be of the same pairwise fibre homotopy type if there exists a 
pairwise fibre homotopy equivalence (h, h): p + q such that the composites 
(g, gXh, h> and (h, h)(f, f> from p to q are fibre homotopic. 
Theorem 4.8 (commutativity). Let p : E + B and q : Y -+ D be fibrations in which E, 
B, Y and D are compact, connected ANR’s. Zf (f, f> : p - q and (g, jj) : q + p are 
fibre preserving maps, with the property that the composites ( f, f )(g, g > and 
(g, g)(f, f> are essentially fibre uniform, then N,(gf, p> = JV,(fg, q). 
Theorem 4.9 (homotopy type invariance). Let p : E + B and q : Y + D be fibrations 
with E, B, Y and D compact, connected ANR’s. Zf (f, f): p +p and (g, S>: q + q 
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are fibre preserving maps which are essentially fibre uniform and have the same 
pairwise fibre homotopy type, then iV,( f, p> = N,(g, q). 
The proofs of Theorems 4.8 and 4.9 use three dimensional, three tiered (base, 
total space and fibre) versions of [9, 3.4, 3.51, together with a generalization of 
Dold’s theorem, that the restriction of pairwise fibre homotopy equivalence to a 
fibre is a homotopy equivalence [4, 1.51. 
The concept “essentially fibre uniform” can be shown to be a pairwise fibre 
homotopy type invariant. This fact enables the simplification of the hypotheses of 
Theorem 4.9. The proofs are omitted. 
5. The minimal fixed point theorem 
We have shown (Proposition 4.2 and Corollary 4.7) that the Nielsen type 
number N,( f, p> of a fibre preserving map (f, f> : p -p is a lower bound for the 
minimum number M@,,(f; p) of fixed points in the fibre homotopy class of the 
map (f, f). In this section we prove a minimal theorem for our Nielsen type 
number. This minimal theorem shows that under certain mild conditions, there 
exists a fibre preserving map (g, S) that is fibre homotopic to (f, f) and with the 
property that g has exactly N,(f, p> fixed points. 
Following [7], we call a space X for which an index is defined a Wecken space if 
for every map f : X+X, there exists a map g : X-X homotopic to f with the 
property that g has exactly N(f > fixed points. It is known, that every compact, 
connected polyhedron without a local cut point is a Wecken space if it is not a 
surface of negative Euler characteristic (see [14, p. 7601 and [18, Lemma 2, p. 5251). 
Theorem 5.1. Let (f, f> be a fibre preserving map from p to itself that is essentially 
fibre uniform and with the property that f is homotopic to a map g that has exactly 
N(f) fixed points. Suppose further that every fibre over the unique set of essential 
representatives for g is a Wecken space. Then there is a fibre preserving map (g, 2) 
that is fibre homotopic to (f, f 1, with the property that g has exactly Ns( f, p> fixed 
points. 
Theorem 5.1 applies to Examples 1.1 and 3.6. Note that this is the case in 
Example 3.6, even though the base space there has a local cut point. 
The following corollary is immediate from the theorem. 
Corollary 5.2. Let (f, f> b e a c re f’b p reserving map from p to itself that is essentially 
fibre uniform, in which B and every fibre of p is a Wecken space. Then there is a fibre 
preserving map (g, g) that is fibre homotopic to (f, f), with the property that g has 
exactly NJ f, p) fi)ced points. 
The next corollary, which combines Theorem 5.1 with Proposition 3.4, uses the 
notation of Proposition 3.4. 
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Corollary 5.3. Let (f, f> b e a I re f’b p reserving map from p to itself, with the property 
that f is homotopic to a map g that has exactly N(f) fi.lced points; suppose further 
that N,( f,> = N( fh) for all b E Qo(f> and that for any x in any essential class off, 
we have that [Fix fpCx) : p * (Fix f “)] = 1. Then there is a map g : E -+ E, homotopic 
to f, with the property that g has exactly N( f ) fixed points. 
Proof of Theorem 5.1. Since p is a fibration we may assume, without loss of 
generality, that f has exactly N(f) fixed points. Let 5 be the unique set of 
essential representatives for f. Then, by hypothesis, the fibre over every point of 5 
is a Wecken space. For each b l 5 let Hb :p-‘(b) XI+p-‘(b) be a homotopy 
from ft, to g, where g, has exactly N( fJ fixed points, and Let HC : pP ‘(6) x I + 
pP’([> be the union of the homotopies Hb. It should be clear that g, := H& , 1) 
has exactly yB( f, p> fixed points. Our task is to extend g5 to a fibre preserving 
map g : E + E that is fibre homotopic to f, and without picking up any more fixed 
points. 
We observe first that the inclusion i : 5 + B is a closed cofibration (this can be 
proved either directly, or by using Lillig’s union theorem [16] and the fact that for 
each b E 5 the inclusion of b into B is a closed cofibration (see for example [12, 
2.61)). Using Strom’s pullback theorem [23, Theorem 121, we deduce that the 
inclusion i : p - ‘( 5) - E is a closed cofibration. Consider the following commuta- 
tive diagram: 
fuH, 
Ex{O)up-‘(c)xl - E 
ExI 
G 
where G is the constant homotopy at fp and j the inclusion. Since E : p-‘(6) + E 
is a closed cofibration, we have, by the relative lifting theorem for fibrations [22, 
Theorem 41, that there is a lift HE of G, extending f U Ht. Then g := HE( , 1) is 
the required fibre preserving map and (H, K): (g, f> -+ (f, f> is a fibre homo- 
topy, where K is the constant homotopy at f. To see that g has only IV,(f, p) 
fixed points, we observe that if x is a fixed point of g, which is in the complement 
of pP’([) in E, then p(x) must be a fixed point of f in the complement of 5 in B, 
a contradiction. q 
Using the same ideas as in the above proof, we can show: 
Proposition 5.4. If f is a fibre preserving map of the fibration p : E + B, with induced 
map f : B + B, then f is (fibre) homotopic to a map g, which is fixed point free, 
provided one of the following conditions is satisfied: (i> f is homotopic to a map which 
is fixed point free, (ii> (f, f) fb ts 1 re uniform (Schusteff ‘s notion see Section 3), 
N( f,) = 0, every fibre is a Wecken space and f is homotopic to a map with only 
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finitely many fixed points, (iii) (f, f> IS essentially fibre uniform, N(fb) = 0, and B 
and euery fibre is a Wecken space. 
Proof. We show only (ii). We can assume, without loss of generality, that the set 5 
of fixed points of f is finite. Then, as in the proof of Theorem 5.1, we can 
construct a homotopy Hl : ~~‘(5) +p-‘(5) which is fixed point free. We then 
proceed as in the rest of the proof of Theorem 5.1. 0 
Finally we have: 
Corollary 5.5. Let p : E --f B be a fibration, with E and B compact, connected ANR’s 
and B and all fibres Wecken spaces. Suppose, further, that f : E + E is homotopic to 
a fibre preserving map. If NC f > = 0, then f is homotopic to a map which is ftied point 
free. 
Proof. Without loss of generality, we may suppose that f is a fibre preserving map. 
Denote the induced map on B by f. If N(f) = 0, then the result follows from 
Proposition 5.4(i). Suppose, on the other hand, that N(f) # 0. We show that (f, f> 
is essentially fibre uniform, with N(fb) = 0. The result will then follow from 
Proposition 5.4(iii). Let b E F E Z(f). Suppose that N(fh) # 0. Let F,, denote an 
essential class of fb and let x E Fb. By Lemma 4.3, the class F of x with respect to 
f is essential. This is a contradiction and so, as required, N( fJ = 0 for any b in 
any essential class. q 
We close with a comment and a question. 
Remark 5.6. This paper uses relative Nielsen theory in an essential way. Since the 
introduction of the relative Nielsen number in [193, other relative Nielsen theories 
have been defined. One idea has been to introduce a Nielsen number that could 
detect fixed points in the complement of the subspace considered (see for example 
[25]). The results and proofs of this section, however, should serve to show that this 
line of investigation is unlikely to prove fruitful in the context of Nielsen type 
numbers of fibre preserving maps. 
The following is an open question: 
Question 5.7. Let p : E -B be a fibration, in which B and E are compact, 
connected ANR’s. In view of Corollary 5.5, if B and all fibres are Wecken spaces, 
can we deduce that E is also a Wecken space? 
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